Self-gravitating axially symmetric disks in general-relativistic
  rotation by Karkowski, Janusz et al.
Self-gravitating axially symmetric disks in general-relativistic rotation
Janusz Karkowski, Wojciech Kulczycki, Patryk Mach, Edward Malec, Andrzej Odrzywo lek, and Micha l Piro´g
Instytut Fizyki im. Mariana Smoluchowskiego, Uniwersytet Jagiellon´ski,  Lojasiewicza 11, 30-348 Krako´w, Poland
We integrate numerically axially symmetric stationary Einstein equations describing self-
gravitating disks around spinless black holes. The numerical scheme is based on a method developed
by Shibata, but contains important new ingredients. We derive a new general-relativistic Keplerian
rotation law for self-gravitating disks around spinning black holes. Former results concerning rota-
tion around spinless black holes emerge in the limit of a vanishing spin parameter. These rotation
curves might be used for the description of rotating stars, after appropriate modification around the
symmetry axis. They can be applied to the description of compact torus–black hole configurations,
including active galactic nuclei or products of coalescences of two neutron stars.
PACS numbers: 04.20.-q, 04.25.Nx, 04.40.Nr, 95.30.Sf
I. INTRODUCTION
Stationary axially symmetric systems of rotating poly-
tropic fluid share two common properties both in general
relativity and in Newtonian gravity. They need addi-
tional specification—the so-called rotation curve, that
tells particles of fluid how to rotate. They are free-
boundary elliptic systems—the shape of rotating fluids
cannot be set a priori, but constitutes a part of the solu-
tion. In Newtonian gravity the Poincare´-Wavre theorem
allows one to define explicitly a rich family of allowed
simple rotations Ω = Ω($), where Ω is the angular ve-
locity, and $ denotes the distance from the rotation axis.
In contrast to that, the general-relativistic laws of rota-
tion had been rather poorly recognised. The classical
rotation curves used in general relativity [1, 2] are es-
sentially variants of uniform rotation. Keplerian rota-
tions are common in rotating astrophysical systems, but
in Newtonian limits of known rotation curves [1–5] the
Keplerian rotation law is obtained only approximately.
We proposed in [6] a general-relativistic differential ro-
tation law j = j(Ω), where j denotes the specific angu-
lar momentum, capable to describe a stationary system
consisting of a self-gravitating disk circulating around
a spinless (or spinning) black hole. Its most striking
characteristic is that the nonrelativistic limit exactly co-
incides with Newtonian angular velocities Ω = w/$λ
(0 ≤ λ ≤ 2). In particular the Keplerian rotation law
Ω ∝ 1/$3/2 belongs to the Newtonian limit of this
general-relativistic rotation curve. The rotation law [6]
has been recently investigated up to the first order of
the post-Newtonian approximation (1PN), for a spinless
black hole [7].
One of the two main aims of this paper is the gen-
eralization of results obtained in [6]. We shall derive a
general-relativistic Keplerian rotation law, that might be
more convenient for the description of tori moving around
spinning black holes.
From the formal point of view the admissible rota-
tion law can be specified freely both in general relativity,
as a function j = j(Ω), and in Newtonian gravity, as
Ω = Ω($). However not for every rotation law the cou-
pled system of Einstein–Euler or Poisson–Euler equations
admits solutions for a reasonably wide range of solution
parameters. Since sufficiently general exact existence re-
sults are at present only available for the Newtonian case
[8], one has to resort to a numerical evidence of existence
or absence of solutions. As we will argue in the forth-
coming sections, this procedure actually yields practical
information on the form of robust rotation laws.
Our second main objective is to show that compact
systems consisting of a spinless black hole and a torus
in the general-relativistic rotation [6] (that depends on
only one parameter) can be described numerically in the
full Einstein theory. We describe the black hole–toroid
system within the puncture framework implemented in
[9], but there are important modifications. One of them
is that adopted rotation laws lead to a set of highly non-
linear algebraic equations that need to be solved during
iterations. We imposed in a different way than Hachisu
[10] one of construction conditions for numerical toroids,
that significantly improved convergence of iterations. We
test our code on the Kerr solution, which in turn led to
implementations of some boundary conditions that might
be different.
Recent investigation shows that there are reasons to
conjecture that stellar mass black hole–torus systems
emerge as end products of binary neutron stars or black
hole–neutron star mergers [[11] and references therein],
associated with some detections of gravitational waves.
Moreover, fluid tori in these systems do self-gravitate and
rotate with the Keplerian velocity [12–15] around a spin-
ning black hole.
The present paper gives a complete description of the
formalism and obtained results. In the next section we
briefly describe the Einstein equations and the equations
of hydrodynamics, explaining the rotation law of [6]. Rel-
evant information on the numerical scheme is given in
Sec. III. Section IV reports results of numerical tests. In
particular, we perform standard convergence tests and
recover numerical results of Shibata [9]. We discuss in
Sec. V the status of rotation parameters in the rota-
tion law of [6]; it appears that the rotation law is rather
rigid and there is only one parameter that is free and
another that emerges as a part of the numerical solu-
ar
X
iv
:1
80
2.
02
84
8v
2 
 [g
r-q
c] 
 30
 M
ay
 20
18
2tion. In the subsequent section we show profiles of a
few toroids for different systems—with constant angular
momentum density, the Keplerian angular rotation and
for systems with tori in (almost) uniform linear velocity
rotation. Section VII is dedicated to the derivation of
a new rotation curve that is expected to be efficient in
describing systems with spinning black holes. The re-
sult of [6] appears in the limit of the vanishing spin of
the black hole. Section VIII shows explicitly that the
Poincare´-Wavre (Newtonian) property of the angular ve-
locity—that the angular velocity does not depend on the
height above the symmetry plane—can be robustly bro-
ken in general relativity. Finally, we summarize obtained
results and outline prospects for further related research.
We investigated the whole interval of a/m ∈ [−0.9, 0.9]
(where a and m are the spin and mass parameters of the
black hole, respectively), that includes cases shown to be
of interest a/m ∈ [0.6, 0.9] in simulations of coalescences
of neutron stars [11, 16].
II. EQUATIONS
We assume a stationary metric of the form
ds2 = −α2dt2 + r2 sin2 θψ4 (dϕ+ βdt)2
+ ψ4e2q
(
dr2 + r2dθ2
)
. (1)
Here t is the time coordinate, and r, θ, ϕ are spherical
coordinates. The gravitational constant G = 1 and the
speed of light c = 1. We assume axial symmetry and
employ the stress-momentum tensor
Tαβ = ρhuαuβ + pgαβ ,
where ρ is the baryonic rest-mass density, h is the specific
enthalpy, and p is the pressure. Metric functions α(r, θ),
ψ(r, θ), q(r, θ) and β(r, θ) in (1) depend on r and θ only.
The following method can be applied to any barotropic
equation of state but we will deal with polytropes p(ρ) =
Kργ . Then one has the specific enthalpy
h(ρ) = 1 +
γp
(γ − 1)ρ .
The 4-velocity (uα) = (ut, 0, 0, uϕ) is normalized,
gαβu
αuβ = −1. The coordinate angular velocity reads
Ω =
uϕ
ut
. (2)
It is well known that general-relativistic Euler equa-
tions are solvable under the integrability condition that
j ≡ j(Ω) depends only on the angular velocity [1, 2].
Within the fluid region, the Euler equations ∇µTµν = 0
can be integrated, yielding∫
huϕdΩ +
h
ut
= C1
or ∫
utuϕdΩ + ln
(
h
ut
)
= C2. (3)
We choose the latter form, and define the angular mo-
mentum per unit inertial mass ρh [17]
j ≡ uϕut. (4)
In [6] we have had the rotation law
j(Ω) ≡ w˜
1−δΩδ
1− κw˜1−δΩ1+δ + Ψ; (5)
here Ψ is of the order of the binding energy per unit bary-
onic mass. This law followed from an “educated guess-
work,” in which three elements played equally important
roles: the rotation law should have the right (monomial)
Newtonian limit, it should yield the right 1PN correc-
tion to the angular velocity, and the Bernoulli equation
should have a unique form. The last demand was ensured
by imposing the condition that a massless disk of dust ex-
actly satisfies the Einstein-Bernoulli equations. The full
reasoning is described in [6].
Simple rescaling
w1−δ =
w˜1−δ
1 + Ψ
transforms (5) into
j(Ω) ≡ w
1−δΩδ
1− κw1−δΩ1+δ =
(−κΩ + wδ−1Ω−δ)−1 ,
where w, δ, and κ = (1 − 3δ)/(1 + δ) are parameters.
Thus the rotation law reads
j(Ω) ≡ (−κΩ + wδ−1Ω−δ)−1 , (6)
where w, δ, and κ are parameters. The rotation curves
Ω(r, z) ought to be recovered from the Eq. (4), which
can be written as
j(Ω) =
V 2
(Ω + β) (1− V 2) , (7)
where the square of the linear velocity reads
V 2 = r2 sin2 θ (Ω + β)
2 ψ
4
α2
,
and j(Ω) is defined by (6). The integro-algebraic
Bernoulli equation (3) is given by a simple algebraic form
[6]
hα
√
1− V 2 (1− κw1−δΩ1+δ)− 1(1+δ)κ = C. (8)
The central black hole is surrounded by a minimal two-
surface SBH located at r = rs in the puncture method
[18], on a fixed hypersurface of constant time. Its area
3defines the irreducible mass Mirr =
√
AH
16pi and its angular
momentum JH follows from the Komar expression
JH =
1
4
∫ pi/2
0
r4ψ6
α
∂rβ sin
3 θdθ. (9)
The angular momentum is prescribed rigidly on the event
horizon SBH—it is given by data taken from the Kerr
solution (with two parameters, mass m and the spin pa-
rameter a = JH/m) and it is independent of the content
of mass in a torus. The mass of the black hole is then
defined as
MBH = Mirr
√
1 +
J2H
4M4irr
. (10)
Another possible choice of the black hole mass is in terms
of the circumferential radius rC ≡ r sin θψ2 of SBH at the
symmetry plane θ = pi/2: MC = rC/2. We observed
that in our numerical calculations MC and MBH differ
by significantly less than 1%; this is consistent with find-
ings of Shibata [9]. The asymptotic mass MADM is de-
fined as in [9]. We decided to define the mass of tori by
mT ≡ MADM −MBH. The characteristic feature of this
construction is that the metric of the whole spacetime
coincides with the Kerr metric in the limit of mT → 0.
Let Kij denote the extrinsic curvature of the t = const
hypersurface. Define the conformal extrinsic curvature
Kˆij as Kˆij = ψ
2Kij . The only nonzero component β of
the shift vector is split as β = βK +βT, where βK and βT
are determined as follows. The nonvanishing components
of Kˆij can be written in the form
Kˆrϕ =
HE sin
2 θ
r2
+
ψ6
2α
r2 sin2 θ∂rβT,
Kˆθϕ =
HF sin θ
r
+
ψ6
2α
r2 sin2 θ∂θβT.
As in [9], we choose the functions HE and HF to be ex-
pressed by the formulas obtained for the Kerr metric of
mass m and the spin parameter a, written in the form
(1). In explicit terms they read [18]
HE =
ma
[
(r2K − a2)ΣK + 2r2K(r2K + a2)
]
Σ2K
,
HF = −2ma
3rK
√
r2K − 2mrK + a2 cos θ sin2 θ
Σ2K
,
where
rK = r
(
1 +
m
r
+
m2 − a2
4r2
)
,
and
ΣK = r
2
K + a
2 cos2 θ.
It follows that for the Kerr metric, one has
Kˆrϕ =
HE sin
2 θ
r2
and
Kˆθϕ =
HF sin θ
r
.
In the presence of the torus βK has to be computed from
the relation
∂βK
∂r
=
2HEα
r4ψ6
. (11)
In what follows we proceed with the puncture method
as implemented in [9]. Define Φ = αψ and assume the
puncture at r = 0. Define rs =
1
2
√
m2 − a2, and
ψ =
(
1 +
rs
r
)
eφ, Φ =
(
1− rs
r
)
e−φB.
The surface r = rs is an apparent horizon.
Einstein equations can be written as
[
∂rr +
1
r
∂r +
1
r2
∂θθ
]
q = Sq, (12a)[
∂rr +
2r
r2 − r2s
∂r +
1
r2
∂θθ +
cot θ
r2
∂θ
]
φ = Sφ, (12b)[
∂rr +
3r2 + r2s
r(r2 − r2s )
∂r +
1
r2
∂θθ +
2 cot θ
r2
∂θ
]
B = SB , (12c)[
∂rr +
4r2 − 8rsr + 2r2s
r(r2 − r2s )
∂r +
1
r2
∂θθ +
3 cot θ
r2
∂θ
]
βT = SβT , (12d)
4where source terms Sφ, SB , SβT , Sq are
Sq = −8pie2q
(
ψ4p− ρhu
2
ϕ
r2 sin2 θ
)
+
3A2
ψ8
+ 2
[
r − rs
r(r + rs)
∂r +
cot θ
r2
∂θ
]
b+
[
8rs
r2 − r2s
+ 4∂r(b− φ)
]
∂rφ (13a)
+
4
r2
∂θφ∂θ(b− φ),
Sφ = −2pie2qψ4
[
ρH − p+
ρhu2ϕ
ψ4r2 sin2 θ
]
− A
2
ψ8
− ∂rφ∂rb− 1
r2
∂θφ∂θb− 1
2
[
r − rs
r(r + rs)
∂rb+
cot θ
r2
∂θb
]
, (13b)
SB = 16piBe
2qψ4p, (13c)
SβT =
16piαe2qJ
r2 sin2 θ
− 8∂rφ∂rβT + ∂rb∂rβT − 8∂θφ∂θβT
r2
+
∂θb∂θβT
r2
(13d)
and
A2 =
Kˆ2rϕ
r2 sin2 θ
+
Kˆ2θϕ
r4 sin2 θ
,
ρH = ρh(αu
t)2 − p,
J = ρhαutuϕ,
B = eb.
In the rest of the paper we always assume that Ω > 0.
Corotating disks have a > 0, while counterrotating disks
have negative spins: a < 0.
III. DESCRIPTION OF NUMERICS
The core of our numerical method is close to that
described in [9]. Main modifications introduced in our
scheme are due to the implementation of a different ro-
tation law which requires solving Eq. (7). The Kerr so-
lution plays an essential role in the presented model. It
appears formally in the limit mT → 0. It is important
to stress that the assumed rotation law (6) actually ad-
mits solutions with an arbitrarily small mass. The latter
property is by no means obvious; it is for instance absent
for the rigid rotation [19]. Moreover, the Kerr metric
is the only analytic solution that is available for testing
the correctness of our numerical code. Consequently, we
implemented some boundary conditions in the way that
yields the Kerr solution with the best accuracy in the ab-
sence of the torus. Finally, there is a technical difference
in treating Eq. (12d).
The solutions are found iteratively, using a fixed-point
method. Equations (12) are solved with respect to func-
tions φ, B, βT, and q, respectively. In each iteration Eqs.
(11) is integrated yielding βK. The specific enthalpy is
computed from the Bernoulli Eq. (8). Our prescription
of the rotation law in the form j = j(Ω) requires also
solving Eq. (7) with respect to Ω.
The baryonic density ρ is computed from the specific
enthalpy as
ρ =
[
γ − 1
Kγ
(h− 1)
] 1
γ−1
.
In each iteration we set the polytropic constant K so
that the maximum of the density is equal to an a pri-
ori specified value ρmax; this is essentially the old idea
of Hachisu [10], to which we added a new element. We
observed that the convergence of the fixed point method
significantly improves, i.e., solutions can be obtained for
a much wider range of parameters, if the maximum of
the enthalpy is sought within the whole volume of the
disk, and not only at the equatorial plane. On the other
hand, in all cases investigated so far, the final solution
is characterized by the maximum of the specific enthalpy
occurring at the plane θ = pi/2. The constants w and
C appearing in the rotation law and Eq. (8) are hard
to control, and they are not specified a priori. Instead,
we assume the values of the inner and outer equatorial
radii of the disk (r1 and r2, respectively). The values
of w and C are obtained in each iteration from Eqs. (7)
and (8) taken at points with the coordinates (r, θ) equal
to (r1, pi/2) and (r2, pi/2). They constitute a set of four
algebraic equations for four unknowns: w, C, and the
values of Ω at (r1, pi/2) and (r2, pi/2). Fortunately, sim-
ple substitutions are possible; they lead effectively to an
algebraic set of two equations, which we solve using a
standard Newton-Raphson method.
Our numerical grid spans the region rs ≤ r ≤ r∞,
0 ≤ θ ≤ pi/2, where r∞ is finite, but large: r∞  r2. We
assume equatorial symmetry. This implies that ∂θφ =
∂θB = ∂θβT = ∂θq = 0 at θ = pi/2. On the axis we as-
sume regularity conditions, that is ∂θφ = ∂θB = ∂θβT =
0 at θ = 0. We also put q = 0 at θ = 0, which is re-
quired by the local flatness of the metric. The boundary
conditions at r = rs follow from the puncture construc-
tion. We require that ∂rφ = ∂rB = ∂rβT = ∂rq = 0
at r = rs. It is observed in [9] that Eq. (12d) ad-
mits a more stringent condition at r = rs. We fol-
low [9] and require βT = O[(r − rs)4], or equivalently
∂rβT = ∂rrβT = ∂rrrβT = 0 at r = rs. To some
5extent this choice is arbitrary and it is connected with
the freedom of defining the splitting of the shift vector
β = βT + βK, but it has consequences in the definition
and properties of the angular momentum of the black
hole.
The conditions at the outer boundary follow from the
multipole expansion and the conditions of asymptotic
flatness. We have
φ ∼ M1
2r
, B ∼ 1− B1
r2
,
βT ∼ −2J1
r3
, q ∼ q1 sin
2 θ
r2
, (14)
as r →∞, where the constants M1, B1, J1 and q1 satisfy
M1 = −2
∫ ∞
rs
(r2 − r2s )dr
∫ pi/2
0
sin θdθSφ, (15)
B1 =
2
pi
∫ ∞
rs
dr
(r2 − r2s )2
r
∫ pi/2
0
dθ sin2 θSB , (16)
J1 = 4pi
∫ ∞
rs
r2dr
∫ pi/2
0
sin θdθραutψ6e2qhuϕ, (17)
q1 =
2
pi
∫ ∞
rs
drr3
∫ pi/2
0
dθ cos(2θ)Sq
− 4
pi
r2s
∫ pi/2
0
dθ cos(2θ)q(rs, θ). (18)
Note a misprint in the boundary condition for B in [9].
In our implementation the grid points can be dis-
tributed almost freely, both in radial and angular di-
rections, but we require existence of grid points at the
boundaries, i.e., for r = rs, θ = 0, θ = pi/2 and r = r∞.
In practice we distribute the grid points in the radial
direction according to
ri = rs +
f i−1 − 1
f − 1 ∆r, i = 1, 2, . . . , Nr (19)
where f and ∆r are constants. This choice is similar to
the one used in [9]. In the angular direction we either set
an equidistant grid
θj = (j − 1)∆θ, j = 1, . . . , Nθ, (20)
where ∆θ = pi/[2(Nθ − 1)], or a grid with almost equally
spaced values of µ = cos θ, i.e.,
θj =

0, j = 1,
arccos
[
1 +
(
3
2 − j
)
∆µ
]
, j = 2, . . . , Nθ − 1,
pi
2 , j = Nθ,
(21)
where ∆µ = 1/(Nθ − 2).
Equations (12) are discretized using second order (3-
point) difference formulas. The implementation of the
boundary conditions is more subtle. In each iteration
we set the values of φ, B, βT and q at the boundary grid
nodes, assuring that appropriate boundary conditions are
satisfied. At the outer boundary, i.e., for r = r∞, we
set the values of φ, B, βT and q as given by Eqs. (14)
and (15)–(18). At the axis (θ = 0), equator (θ = pi/2),
and the horizon (r = rs), the boundary conditions gener-
ally amounts to a requirement that an appropriate first
derivative vanishes. We express this derivative using 3-,
4- or 6-point formulas, and set the boundary values ap-
propriately. These boundary values are treated as fixed
in the process of solving Eq. (12) for φ, B, βT, and q in
the bulk of the grid. In other words, in each iteration,
Eqs. (12) are solved as if they constituted a Dirichlet
boundary problem. This approach seems to be essential
for the convergence properties of the iterative fixed-point
scheme. The only exception from this rule is our treat-
ment of the boundary condition for βT at the horizon.
In the latter case the equations expressing the conditions
∂rβT = ∂rrβT = ∂rrrβT = 0 at r = rs are solved to-
gether with Eq. (12d) using 6-point finite difference for-
mulae. Other boundary conditions are implemented us-
ing 3-point formulas. A 4-point finite difference formula
is used only for the condition ∂rφ = 0 at r = rs. We
would like to stress that this choice yielded the best accu-
racy in the test consisting in recovering the Kerr solution
in the absence of the torus. On the other hand, it is
not optimal with respect to the computation of the Rcon
parameter, which we describe in Sec. IV A.
All integrals (15)–(18) are computed using standard
trapezoid formulae in each iteration. Trapezoid formulas
are also used in the integration of Eq. (11) for βK. Fol-
lowing [9], we assume that βK = 0 at r = r∞, which is
understood as an approximation of the boundary condi-
tion βK → 0 for r →∞.
Most of the computing time is spent on solving the
discretized versions of Eqs. (12). We exploit the banded
matrix structure of these four equations, and solve them
performing standard LU matrix decomposition [20] using
LAPACK [21]. A technical change as compared to the
formulation of [9] is that we have moved terms depend-
ing on the derivatives of φ and b to the right-hand side
of Eq. (12d). As a result the coefficients of the operators
on the left-hand sides of Eq. (12) do not change during
iterations, and it is possible to perform the decomposi-
tion of the matrices once only. Equation (7) is solved
in each iteration with respect to Ω, using a Newton-
Raphson method. We search for the solution for Ω in
a bounded region containing the torus.
Choosing appropriate initial data is an inherent prob-
lem of all iterative methods for obtaining relativistic fig-
ures of equilibrium. Rotation law (6) admits starting
from the Kerr data, i.e., there exist an acceptable solu-
tion of Eq. (8) for the Kerr metric, except for the case
with a = 0, and κ = 3. We obtain the solutions of the
latter case by first obtaining a solution for κ = 3 and
a small, but nonzero a. This solution is then used as a
starting point to obtain the final solution for κ = 3 and
6a = 0.
In addition to the parameters of the rotation law [δ
and κ in case of the rotation law (6)], the solution is
specified by the following six parameters: the mass m
and the spin a parameters of the black hole; the inner and
outer coordinate radii of the disk at the equatorial plane:
r1 and r2, respectively; the maximum of the baryonic
density within the disk ρmax; the polytropic exponent
γ. We assume in what follows m = 1 and γ = 4/3.
All length related quantities (r1, r2 and circumferential
radii) shall be expressed in terms of m.
We should comment here on terminology. As we have
pointed above, in the construction of Shibata [9] the an-
gular momentum of the black hole is defined a priori in
terms of parameters a and m: the “dressed” angular mo-
mentum is the same as the naked one, JBH = am. On the
other hand the “dressed” mass of a black hole MBH is dif-
ferent from the mass parameter m. Thus JBH/MBH 6= a;
the notion of the spin parameter a would become ambigu-
ous. In order to avoid misunderstanding, when we use the
term spin parameter a, we always mean that JBH = am.
IV. TESTING NUMERICAL CODES
We shall provide below a short discussion of the ac-
curacy of our numerical codes. We begin, in the first
subsection, with elements of standard numerical analy-
sis. Then we shall compare our results on two metric
functions with those of [9].
A. Numerical tests
From the mathematical point of view, a solution for
a given rotation law [with one free parameter, e.g., (6)
with fixed κ], is expected to be defined by “physical” pa-
rameters: m, a, r1, r2, ρmax. This solution might not
be unique, in principle. However, numerical solutions
depend on several additional parameters. The most ob-
vious is the grid size Nr ×Nθ and its spacing. Our mesh
is rectangular in the radial and angular variables. The
inner edge in radius is by construction always positioned
at the apparent horizon rs, but the outer edge radius r∞
provides another numerical parameter. It might influ-
ence asymptotic expansions used to define outer bound-
ary conditions, see Eqs. (14)–(18). Noteworthy, it is
directly related to the grid spacing ∆r near the hori-
zon (19). Less obvious numerical errors come from the
surface-capturing scheme, which does not allow one to de-
fine the free boundary with the accuracy better than the
size of a cell. In particular, in our implementation inner
and outer radii r1, r2 are pushed upward to nearest equa-
torial mesh points and the aliasing error is inevitable. Fi-
nally, the “fixed-point” in practice is never reached. The
convergence is limited by a numerical noise, albeit it is
of a tiny amplitude. The forthcoming analysis will quan-
tify dependence of the results on variations of Nr, Nθ, r∞
or ∆r and the number of iterations. Grids as small as
Nr × Nθ = 17 × 9 and as big as Nr × Nθ = 8193 × 257
were used in testing procedures. The lowest resolution
yields results that are too inaccurate but the numerical
solution still exists. This demonstrates robustness and
stability of the numerical code.
In the next three subsections we put a = 0.6, r1 = 8,
r2 = 20, ρmax = 4 × 10−4 and use the rotation law (6)
with δ = −1/3 and κ = 3. We applied the geometric
variant of (19), i.e., with ∆r = (f − 1)rs; this implies
ri = rsf
i−1 with f = 1.0113622034834149. That facili-
tates the grid doubling1. The radius r∞ was kept con-
stant by squaring f or taking the square root of f when
the grid was halved or doubled relative to Nr = 511, re-
spectively. We used the grid equidistant in cos θ, in tests
concerning the angular resolution. The grid resolutions
Nr×Nθ are defined as integer powers of 2 minus 1, to keep
them odd. The machine precision  ' 2.22 × 10−16 was
shown in Figs. 1–4 for reference. We use the maximum
norm L∞ to quantify errors. We measure the difference
between the values of metric functions and the enthalpy
in two subsequent iterations. One can use other matrix
norms that would give (as we have checked) values larger
or smaller by a few orders of magnitude. On the other
hand error ratios and line slopes shown in Figs. 1–4 are
invariant.
1. Fixed point noise
A typical behavior during numerical iterations (Figs.
1) consists of three stages: (1) a short (a few hundred
iterations) divergent stage with the maximum mass den-
sity occurring outside the symmetry plane θ = pi/2;
(2) a stage characterized by an exponential convergence
(103–104 iterations); (3) a steady stage with the error
dominated by the numerical noise. With the increased
grid size two first stages are longer both with respect
to the number of iterations and the computational time.
The amplitude of the numerical noise is increased as well.
Fortunately, in all investigated cases the magnitude of
the noise is small and of no significance. In practice, the
errors associated with other factors, which we describe
below, are always larger. Consequently, in most cases it
suffices to fix the number of iterations at a level of a few
thousands.
2. Doubling the grid: Increasing Nr and Nθ with fixed r∞
By doubling the grid we simultaneously reduce two
sources of errors: (1) the discretization error; (2) the
aliasing error. Typically, doubling the radial grid gives an
1 By doubling we understand adding new grid points between ad-
jacent points of the old grid.
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FIG. 1. Typical behavior of the L∞ error measured with
respect to the preceding iteration for two extreme cases with
the grids Nr × Nθ = 2049 × 257 (the bottom diagram) and
Nr ×Nθ = 65 × 33 (the upper diagram).
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FIG. 2. Typical behavior of the L∞ error with the increase
of the radial grid resolution. Here r∞ is constant. Lowest
resolution Nr ×Nθ = 17× 17 was doubled in radial direction
nine times until reference model Nr × Nθ = 8193 × 17 (not
shown) was obtained.
almost quadratic convergence (Fig. 2), while doubling the
angular grid (free of an aliasing error) yields convergence
that is exactly quadratic (cf. Fig. 3).
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FIG. 3. The same as in Fig. 2, but with the increased
angular resolution. The grid grows from Nr ×Nθ = 1025× 9
to Nr ×Nθ = 1025 × 257.
3. Extending the grid: Increasing Nr with fixed f and ∆r
The extension of the outer grid edge r∞ has a rather
moderate impact on the global error, which decreases
linearly with the increase of r∞ (see Fig. 4).
4. Rcon test
In order to disentangle the discretization and aliasing
errors, we employ the test of Shibata (see the Appendix B
in [9]) for grid-aligned tori. One can compute the value:
Rcon =
Q4 −Q1
Q2 −Q1 ,
where Q1, Q2, Q4 denotes values obtained at some grid
node with the use of the original radial grid, a grid
with every second node removed and another grid ob-
tained from the former by repeating the removal oper-
ation. For the interpolation of the nth order one could
expect Rcon = 2
n + 1, i.e., Rcon = 5 for the quadratic
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FIG. 4. Typical behavior of the L∞ error with the increase
of the r∞. Radial grid was extended from Nr×Nθ = 513×65
to Nr ×Nθ = 961 × 65, while keeping f and ∆r constant in
(19).
8interpolation/discretization. Unfortunately, results that
have been obtained are rather inconclusive. For Shibata’s
test model and for one of our models (a central black hole
with the spin parameter a = 0.9 and the rotation law (39)
with a = 0.9 and κ = 3) we get in fact Rcon ' 5 ± 0.05,
for all metric functions with the exception of q and a few
grid nodes in the vicinity of the horizon. In this test we
implement boundary conditions at the horizon for φ and
q using 3- and 4-point finite difference formulas, respec-
tively.
On the other hand, for our model with the rotation
law (22), and with the same spin parameter of the cen-
tral black hole, a = 0.9, the situation becomes confusing.
We get Rcon ' 5 ± 1 at best, with a large variation for
some metric functions (see Fig. 5). Clarification of these
issues requires further testing, but we are not convinced
that the tests based on the Rcon parameter are neces-
sarily useful. It is important to stress, that any value
of Rcon > 1 indicates the convergence. There are values
of Rcon  5 (Fig. 5, lower panel) that indicate conver-
gence better than expected. This might be surprising,
but it is possible. For example, if one of the metric func-
tion is well-approximated by a quadratic polynomial, the
2nd order scheme could yield almost exact solution of the
discretized system instantly.
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FIG. 5. Results for Rcon tests. In the upper part of the figure
the black hole has a = 0.9 and the torus rotates according to
(39), where κ = 3. In the lower part the black hole has a = 0.9
and the torus rotates according to (22).
5. Conclusions
Judging from the contribution to the L∞ norm of
the error, its main sources can be ordered as follows.
The radial resolution (including aliasing), and the angu-
lar resolution contribute (10−3–10−5) and (10−5–10−7)
to the budget error, respectively. Further contributions
come from the radial grid extension (10−8–10−10) and
the fixed-point noise error (10−11–10−16).
Apart from the convergence tests described above, we
have also recovered the Kerr metric for the vacuum case,
i.e., without the torus. The code successfully passed all
these tests.
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FIG. 6. Functions φ and −β in the equatorial plane for
the configuration with the spin parameter of the black hole
a = 0.9, r1 = 1.5, r2 = 20.0, for the cases M∗/m =
0.043, ρmax = 0.475 × 10−4 (solid line), M∗/m = 0.400,
ρmax = 3.128 × 10−4 (broken line) and M∗/m = 0.800,
ρmax = 4.936 × 10−4 (dashed-dotted line). Inset in the two
figures (with the abscissa extending up to r/m = 500) are the
corresponding diagrams taken from Fig. 4 of [9].
9B. Rotation with constant huϕ
We do several calculations using the same parameters
and the same rotation curve—defined by the constancy
of the angular momentum density jSh = huϕ—as in [9].
Solutions have been found for parameter sets (spin pa-
rameter a, inner r1 and outer r2 coordinate radii, respec-
tively): (i) (0.9, 1.5, 20) with M∗ = 0.043, 0.4, 0.8 and (ii)
(0.1, 5, 20) with M∗ = 0.093, 0.405, 0.835. The quantity
M∗ defined as in [9] is a kind of a baryonic mass of the
torus. Figures 6 and 7 portray two families of solutions
of two metric functions φ and β in the plane θ = pi/2.
The results presented in Figs. 6 and 7 agree quite well
with the results presented in Fig. 4 of [9]. There are two
exceptions—the plots of φ and −β (M∗ = 0.405) in Fig.
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FIG. 7. Functions φ and −β in the equatorial plane for
the configuration with the spin parameter of the black hole
a = 0.1, r1 = 5.0, r2 = 20.0, for the cases M∗/m =
0.093, ρmax = 0.445 × 10−4 (solid line), M∗/m = 0.405,
ρmax = 1.704 × 10−4 (broken line) and M∗/m = 0.835,
ρmax = 3.083 × 10−4 (dashed-dotted line). Inset in the two
figures (with the abscissa extending up to r/m = 500) are the
corresponding diagrams taken from [9].
7 reveal a difference.
Our solutions presented in Figs. 6 and 7 were computed
on the numerical grids characterized by ∆r = rs/50, f =
1.01, Nr = 802, Nθ = 102. This yields r∞ ≈ 5800rs.
The grid nodes were distributed in the angular direction
according to Eq. (20).
V. THE COEFFICIENT κ IN THE KEPLERIAN
ROTATION LAW OF [6]
The rotation law (6) seems to have two free parame-
ters: κ and w. The parameter δ is dictated by the New-
tonian limit
Ω0 =
w
$
2
1−δ
,
and for the Keplerian rotation one has to choose δ =
−1/3. Then the formula κ = (1 − 3δ)/(1 + δ), required
by the first post-Newtonian expansion, yields κ = 3 and
j(Ω) ≡
(
−3 Ω + w−4/3Ω1/3
)−1
. (22)
Numerical results, reported below, suggest that in
fact the general-relativistic Keplerian rotation is best de-
scribed by (22). Clearly the parameter w is not free—its
value constitutes a part of a solution.
Solutions presented in this and the following sections
were computed on the numerical grids characterized by
∆r = rs/50, f = 1.01, Nr = 802, Nθ = 102. The grid
nodes were distributed in the angular direction according
to Eq. (21).
We performed a large number of numerical calcula-
tions for spin-less central black holes in order to find out
whether κ = 3 is the best choice for the Keplerian rota-
tion. They are shown in Table I. From these and other
calculations, we infer that with the increase of mass,
while keeping the inner boundary close to the innermost
stable circular orbit (ISCO), the interval (κmin, κmax) for
which we were able to find solutions, shifts downwards:
lower and upper bounds for κ go down. We can conclude
TABLE I. Rotation around a spinless black hole of the mass
m = 1. The first 2 columns give the innermost and outer-
most radii of tori, the third describes maximal values of the
baryonic mass density, the fourth gives the disk’s mass (with
κ = 3) and the final two columns show the minimal and max-
imal of values of κ for which solutions were found.
r1 r2 ρmax mT κmin κmax
5.04 20.1 0.2 × 10−4 4.5× 10−3 3.0 4.9
5.04 20.1 1.0 × 10−4 7.8× 10−2 2.9 4.8
5.04 20.1 5.0 × 10−4 1.1 1.5 4.0
5.04 10.1 0.2 × 10−3 7.2× 10−3 3.0 5.2
5.04 10.1 1.0 × 10−3 1.1× 10−1 2.7 5.0
5.04 10.1 4.0 × 10−3 1.0 0.8 3.9
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TABLE II. The spin of central black holes is given in the first
row. The second row displays values of the parameter κ for
which the mass gap disappears. In all examples below the
inner and outer radii are r1 = 8 and r2 = 20, respectively
a −0.9 −0.8 −0.7 −0.6 −0.5
κ 3.91 3.81 3.71 3.61 3.512
a −0.4 −0.3 −0.2 −0.1 −0.05
κ 3.409 3.308 3.206 3.103 3.052
also, that for the general-relativistic Keplerian rotation
with δ = −1/3, the choice of κ = 3 is the safe choice,
that always gives solutions. Furthermore, calculations
with some other pairs of values δ, κ = (1 − 3δ)/(1 + δ)
always yielded solutions (see next section). That might
mean that w is the only parameter in the rotation law
(22) that cannot be defined a priori.
We investigated also systems with spinning black holes
and tori rotating according to (22). We have always
found solutions for corotation (a > 0 and Ω > 0), as-
suming κ = 3. The situation is different—solutions
with small masses of the tori do not necessarily exist
for κ = 3—in the case of counterrotating systems. In
fact, the value of κ, for which solutions with light tori
exist, can be distinctly different from 3. We have found
a mass gap for counterrotating tori (Ω > 0 and a < 0),
with κ = 3 and a ∈ [−0.1,−0.9]—tori may exist only
if their mass is larger than a particular mass threshold.
The existence of this mass threshold is interesting from
the mathematical point of view, since it means that the
space-time geometry produced by counterrotating disks
with the above specified rotation law does not tend to the
Kerr geometry; solutions seem to disappear when masses
of toroids become too small. On the other hand it ap-
pears that this feature is not physical for the rotation
curve (6)—we have found that the gap disappears for
other values of κ. Table II shows such values of κ for a
selection of spins of central black holes.
VI. CHARACTERISTICS OF TORI ROTATING
AROUND SPINLESS BLACK HOLES
We investigated solutions corresponding to the rota-
tion law (6) for δ ∈ [−0.95, 0] and κ given by the formula
κ = (1 − 3δ)/(1 + δ), or in its close vicinity. Below we
present the following cases:
(i) constant angular momentum density j: δ = 0, κ =
1;
(ii) the Keplerian rotation δ = −1/3, κ = 3;
(iii) δ = −0.8, κ = 17; this gives a linear velocity that is
slowly changing across the symmetry plane of the
torus;
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FIG. 8. Isolines of constant enthalpy h, for non-spinning
black hole and the rotation law (6) with δ = 0 and κ = 1.
The black hole mass MBH = 1.0567, ρmax = 3.45 × 10−4 and
hmax = 2.67× 10−2.
(iv) δ = −0.95, κ = 77; this gives a linear velocity that
varies very little on the intersection of the symme-
try plane with the torus.
 0  5  10  15  20
r sin θ
 0
 5
 10
 15
 20
r c
os
 
θ
FIG. 9. Isolines of constant enthalpy h, for nonspinning
black hole and the rotation law (22). The black hole mass
MBH = 1.0562, ρmax = 4.60× 10−4 and hmax = 2.31× 10−2.
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FIG. 10. Isolines of constant enthalpy h, for non-spinning
black hole and the rotation law (6) with δ = −0.8 and κ = 17.
The black hole mass MBH = 1.0542, ρmax = 6.97 × 10−4 and
hmax = 2.01× 10−2.
The case δ = −1 corresponds to the constant linear
velocity, but it requires a separate numerical implemen-
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FIG. 11. Isolines of constant enthalpy h, for nonspinning
black hole and the rotation law (6) with δ = −0.95 and κ =
77. The black hole mass MBH = 1.0531, ρmax = 7.93 × 10−4
and hmax = 1.92× 10−2.
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FIG. 12. Isolines of constant enthalpy h, for nonspinning
black holes and the rotation law (22) with δ = −1/3 for κ =
2.5 (broken lines) and κ = 3.5 (solid lines). The black hole
masses are MBH = 1.0557 (κ = 2.5) and MBH = 1.0566 (κ =
3.5). The maximal mass densities and maximal enthalpy are
ρmax = 4.85 × 10−4 and hmax = 2.24 × 10−2, and ρmax =
4.37× 10−4 and hmax = 2.38× 10−2, for κ = 2.5 and κ = 3.5
respectively.
tation of the rotation law [22].
Solutions depicted in Figs. 8–12 were computed assum-
ing the same asymptotic mass MADM = 1.7288, spin-
less black holes and the innermost and outermost coor-
dinate radii r1 = 8.079 and r2 = 20.09, respectively. The
masses of black holes appear to be very similar, which
means that tori masses are essentially the same, mT =
MADM −MBH ≈ 0.67. The corresponding circumferen-
tial radii are similar, rC(r1) ∈ (9.64, 9.69) and rC(r2) ∈
(21.99, 22.02). The 4 inner isolines in Figs. 8–11 are de-
fined by the following formula hi = 0.2(4−i)(hmax−1)+1
for i = 0, 1, 2, 3, while the outermost isoline corresponds
to h = 1.00000001. In Fig. 12 the isolines are defined in
the same way, but hmax is the maximal enthalpy for the
configuration with κ = 2.5.
There is a number of interesting features that depend
on the choice of the rotation curve.
(i) profiles of tori circularize with the increase of δ and
flatten with the decrease of δ—inspect Fig. 8–11.
Tori area also decreases. On the other hand, keep-
ing δ = −1/3 and changing κ induces smaller dif-
ferences (see Fig. 12).
(ii) the maximal mass density ρmax increases with the
decrease of δ (see inscriptions to forthcoming fig-
ures). The increase is by a factor of two between
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the cases of the constant angular momentum den-
sity and the almost linear rotation. The depen-
dence on the parameter κ for fixed δ seems to be
less pronounced (see Fig. 12).
(iii) the maximal enthalpy hmax decreases with the de-
crease of δ (see captions of the forthcoming figures).
VII. NEW ROTATION LAW FOR SPINNING
BLACK HOLES
We shall start with deriving the rotation law for a
massless disk of dust encircling a spinning Kerr black
hole in the symmetry plane. As will be shown below,
this is a tedious algebraic calculation. To shorten nota-
tion we temporarily use units with m = 1. First, the
angular velocity Ω of fluid particles on geodesic circular
orbits in the equatorial plane of the Kerr metric (1) was
found, using (2):
Ω(r) =
8r3/2
((2r + 1)2 − a2)3/2 + 8ar3/2
. (23)
The angular momentum (4) reads
j = −N
D
, (24)
where
D = 2r5
(
a2 − (2r + 1)2)2
× [a7 − 3a5(1− 2r)2 + a3 (8r (r (6r2 + 20r + 3)− 3)+ 3)
− a(2r + 1)2(4(r − 2)r + 1)2],
N =
(
ar9/2
(
(2r + 1)2 − a2)3/2 + 8a2r6)
×
(
a4 + a2(8(r − 1)r − 2)− 16ar
√
r ((2r + 1)2 − a2)
+ (2r + 1)4
)
[a4 + a2
(−8r2 + 4r − 2)
− 16ar
√
r ((2r + 1)2 − a2) + (2r + 1)2(4(r − 2)r + 1)].
(25)
Formulas (23) and (24) give the desired relation j(Ω)
in the parametric form. In order to eliminate r, notice
that (23) can be written as a quadratic equation(
1
Ω
− a
)2/3
=
1
4r
(
(1 + 2r)2 − a2) .
Denoting
ξ =
(
Ω−1 − a)1/3 , (26)
solving it for r and substituting the result into the for-
mula for j(r) would give, in principle, the desired result.
Unfortunately, it takes form of nested radicals composed
of a large number (∼ 103) of terms. This is a difficult
problem for nonrational values of a [23]; computer alge-
braic systems do not help in simplifying such formulae.
On the other hand, we observe that the formula greatly
simplifies for rational a, e.g., a = −2/3. The presence
of multiple repetitions of roots of the numerator and the
denominator strongly suggests the existence of a much
simpler expression. A simplification of the formula for
j(Ω) proceeds as follows. We define
X =
√
a2 − 2ξ2 + ξ4 (27)
and
Z =
√
1− a2 + 2X(1 +X − ξ2). (28)
One can write the formula (24) in the form
j(ξ) = − N1N2N3
D1D2D3D4
, (29)
where
N1 = a+ ξ
3,
N2 = ξ
(
ξ2 − 3)Z2 + 2a (1 +X − ξ2)Z,
N3 =
(
ξ4 + a2
)
Z2 + 2aξ
(
1 +X − ξ2)Z, (30)
D1 = ξ
3, D2 = ξ
2
(
ξ2 − 3)2 − 4a2, D3 = ξ2 − 1−X,
D4 = 1 + 3X − (9 + 8X) ξ2 + 4 (3 +X) ξ4 − 4ξ6
+ a2(3 +X − 3ξ2). (31)
One can easily check that D3D4 = −Z4, so that we get
j(ξ) =
(
a+ ξ3
)
N2N3
D2ξ3Z4
. (32)
Now we rewrite Eq. (30) as follows:
2a
(
1 +X − ξ2)Z = N2 − ξ (ξ2 − 3)Z2;
by squaring the above equation we get rid of the square
root in Z. We solve the squared equation with respect
to N2. The physical root reads
N2 =
[
ξ
(
ξ2 − 3)− 2a]Z2. (33)
We proceed similarly with the factor N3, obtaining the
physical root:
N3 =
(
ξ4 − 2aξ + a2)Z2. (34)
On the other hand
D2 =
[
ξ
(
ξ2 − 3)− 2a] [ξ (ξ2 − 3)+ 2a] . (35)
After inserting (33), (34) and (35) into (32) one ends up
with
j (ξ) =
(
a+ ξ3
) (
ξ4 − 2aξ + a2)
ξ3 [ξ(ξ2 − 3) + 2a] . (36)
Finally, using (26) one obtains the following formula:
j (Ω) = −1
2
d
dΩ
ln
{
1−
[
a2Ω2 + 3Ω
2
3 (1− aΩ) 43
]}
,
(37)
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which can be easily generalized to the case with m =
w2 6= 1, by the substitution Ω → w2Ω, a → a/w2, j →
j/w2. We get
j (Ω) = −1
2
d
dΩ
ln
{
1−
[
a2Ω2 + 3w
4
3 Ω
2
3 (1− aΩ) 43
]}
.
(38)
We shall write this expression as
j (Ω) = − 3
2κ
d
dΩ
ln
{
1− κ
3
[
a2Ω2 + 3w
4
3 Ω
2
3 (1− aΩ) 43
]}
.
(39)
It is easy to see that for a = 0 and κ = 3 we recover the
spinless rotation curve (22).
The present numerical code was also adapted to the new
rotation curve. Section IV.A.5 reports results on its nu-
merical convergence and the second example in Sec. VIII
also uses the new law (38).
We conjecture that the rotation law (39) holds not only
for massless disks of dust, but also for massive toroids,
and with the parameter κ = 3. This hypothesis is sup-
ported by partial numerical results.
VIII. TESTING THE POINCARE´-WAVRE
PROPERTY IN GENERAL-RELATIVISTIC
KEPLERIAN TOROIDS
The general relativistic and Newtonian rotations of
cylindrically symmetric tori circulating around a symme-
try axis differ fundamentally in one important aspect. In
the Newtonian case the angular velocity Ω is a function of
the geometric distance from the rotation axis only. This
is a classical result of Poincare´-Wavre. Rephrasing the
same in the terminology of [24], the von Zeipel cylinder
of constant Ω lies at a constant geometric distance from
the symmetry axis. In contrast to that, in general rel-
ativity the angular velocity of a particle of fluid within
a torus becomes a function both of its circumferential
distance from the rotation axis and the distance from
the plane of the symmetry. Different points lying on the
von Zeipel cylinder are not equidistant from the symme-
try axis. This might manifest observationally through
widening of spectral lines of radiation emitted by sources
lying on the von Zeipel cylinder. The same would be true
about characteristic radiation lines of sources located on
an circumferentially-equidistant cylinder, as hinted in the
1PN analysis of spinless black holes [6, 7, 25, 26].
We shall discuss two solutions. One of them is a system
obeying the rotation law (22) with a spin-less black hole.
In the second solution the toroid rotates according to
(38) (with a = 0.9), while the black hole has a large
spin parameter a = 0.9. We show the dependence of the
angular velocity along a cylinder having a fixed value of
the circumferential radius rC.
Figure 13 corresponds to the non-spinning black hole
characterized by MBH = 1.29. The asymptotic mass of
the system reads MADM = 3.74. The circumferential
radii of the innermost and outermost points on the torus
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FIG. 13. Nonspinning black hole and the rotation law (22).
The innermost and outermost coordinate radii are r1 = 5.037
and r2 = 20.09, respectively. The coordinate z = r cos θ. The
maximal mass density ρmax = 7 × 10−4.
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FIG. 14. Spinning black hole and the rotation law (39). The
innermost and outermost coordinate radii are r1 = 5.027 and
r2 = 20.08, respectively. The coordinate z = r cos θ. The
maximal mass density ρmax = 8 × 10−4.
are rC(r1) = 8.01 and rC(r2) = 24.36. The largest rela-
tive change of the angular velocity along a cylinder hav-
ing the circumferential radius rC = 14.29 exceeds 9%.
Somewhat stronger effects are shown for spinning black
holes. The corresponding example is shown in Fig.
14. The model is characterized by the black hole mass
MBH = 1.033 and its spin parameter a = 0.9. The
asymptotic mass of the system reads MADM = 4.074.
The circumferential radii of the innermost and outermost
points on the torus are rC(r1) = 8.05 and rC(r2) = 24.79.
The largest relative change of the angular velocity along
a cylinder having the circumferential radius rC = 15.09
exceeds 11% (see Fig. 14).
In both cases the dependence on height is quite robust,
particularly for the spinning black hole. The angular ve-
locity drops down from the maximal value on the equator
to the minimum value on the edge of the disk. Admit-
tedly these examples have unrealistically large masses of
tori.
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IX. SUMMARY
We report in this paper results of a successful numeri-
cal implementation of a recent rotation law [6] in the full
Einstein theory. This is done within the puncture frame-
work as implemented by Shibata [9], but with several
modifications.
Our numerical codes are now capable to describe a
class of self-gravitating tori in the regime of strong grav-
ity for those general-relativistic rotation curves that in
the Newtonian limit yield angular velocities Ω ∝ 1/$λ,
with 0 ≤ λ < 1. This class includes stationary disks
in tight accretion systems with central (spinless or spin-
ning) black holes, and it contains polytropic tori with the
general relativistic Keplerian rotation, almost constant
linear velocity and the constant angular momentum den-
sity.
Our numerical codes successfully passed several numer-
ical tests. We recovered many of solutions found in [9].
Our results agree well in the post-Newtonian regime with
the earlier post-Newtonian analysis (see [7, 22, 25]), but
the related material will be published elsewhere.
Section VI shows profiles of several tori. It is interest-
ing that they differ morphologically—they flatten when
the rotation curve approaches the constant linear veloc-
ity, and become “fatter” for Keplerian rotation and in
the case of constant angular momentum.
We have found in Sec. VII a new general-relativistic
Keplerian rotation law, that generalizes the former one
[6]; it is expected to be more effective in the case of spin-
ning central black holes. The present numerical code suc-
cessfully operates—after adaptation—with the new rota-
tion curve (see some results in Secs. IV.A.5 and VIII),
but the investigation is still under way.
It is known that highly relativistic tori in almost Kep-
lerian rotation can be created in the merger of compact
binaries consisting of pairs of black holes or neutron stars
[12–15, 27, 28], associated with the emission of gravita-
tional waves [29]. Their formation seems to be impor-
tant for understanding features of the electromagnetic
radiation associated with these mergers. Our codes al-
low a quick manufacturing of such polytropic tori—this
is a question of tens of minutes or at most hours on a
standard desktop computer. They could be used as ini-
tial data for dynamic systems supplied with all required
physics.
Rotating tori can exist in some active galactic nuclei.
They might reveal some general-relativistic effects due to
the phenomena discussed here. We have shown that the
general-relativistic angular velocity is height-dependent
(13); that might cause widening of spectral lines of radi-
ation emitted by the disk (via Doppler effect) and ob-
scure the interpretation of the rotation, especially for
tight AGN systems.
Rotation curves (6) might be used for the description
of rotating stars, after appropriate modification in the
vicinity of the symmetry axis.
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